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NOTES ON TWISTED EQUIVARIANT K-THEORY FOR
C∗-ALGEBRAS
YOSUKE KUBOTA
Abstract. In this paper, we study a generalization of twisted (groupoid)
equivariant K-theory in the sense of Freed-Moore for Z2-graded C
∗-
algebras. It is defined by using Fredholm operators on Hilbert modules
with twisted representations. We compare it with another description
using odd symmetries, which is a generalization of van Daele’s K-theory
for Z2-graded Banach algebras. In particular, we obtain a simple pre-
sentation of the twisted equivariant K-group when the C∗-algebra is
trivially graded. It is applied for the bulk-edge correspondence of topo-
logical insulators with CT-type symmetries.
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1. Introduction
Recently, there has been an increasing interests in relations between K-
theory and the theory of topological insulators, an area of solid state physics.
According to Kitaev’s periodic table [Kit09], free fermion phases are topo-
logically classified in 10 types, each of which corresponds to one of 2 complex
K-groups and 8 real K-groups. This classification is formulated by Freed-
Moore [FM13] in terms of twisted K-theory. A key idea is Wigner’s theo-
rem [Wig59] (see also Section 1 of [FM13]), which asserts that a quantum
symmetry is given by a linear/antilinear and even/odd projective represen-
tation of a groupoid. Freed and Moore introduce a generalized version of
twisted equivariant K-theory of groupoids classifying these representations.
Here, twisted K-theory [DK70, Ros89, AS04, TXLG04, Kar08b, FHT11,
FM13] is a kind of cohomology theory determined by spaces (or groupoids
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in general) and twists on it, that is, triplets (φ, c, τ) where φ and c are ho-
momorphisms from G to Z2 and τ is a φ-twisted central extension of G by
T. Roughly speaking, twisted K-theory associated to these data classifies
Z2-graded τ -projective representations of G whose Z2-grading and linearity
are determined by c and φ. For a fixed twist (φ, c, τ) of G, the twisted K-
group of the action groupoid G⋉X with respect to the pull-back of (φ, c, τ)
is a topological invariant of a G-space X. It enables us to regard twisted K-
theory as a functor from the category of locally compact Hausdorff G-spaces
to the category of R(G)-modules.
In this paper, we investigate a canonical generalization of groupoid equi-
variant K-theory of C∗-algebras for twisted equivariant setting in the sense
of [FM13]. After reviewing a classification of twists in this sense by the
Cˇech cohomology groups in Section 2, we start with the generalization of
Kasparov’s KK-theory [Kas80] in Section 3. A general framework for twisted
equivariant KK-theory is introduced by Chabert-Echterhoff [CE01] as a bi-
functor from the category of twisted G-C∗-algebras to the category of R(G)-
modules. In contrast, we define the φKKGc,τ -group as a bifunctor from the
category of (φ-twisted) G-C∗-algebras. The group φKKGc,τ (A,B) is evidently
suitable as a generalization of the KK-group because it is actually isomor-
phic to a certain KKR-group in the sense of Moutuou [Mou14] (Proposition
3.12).
In Section 4, we define the twisted equivariant K-group as the twisted
equivariant KK-group φKKGc,τ (R, A). For example, when A is the contin-
uous function algebra of a compact Hausdorff G-space X, it is isomorphic
to the set of homotopy classes of twisted G-equivariant families of Fred-
holm operators on X, which is a generalization of Atiyah’s formulation of
K-theory using Fredholm operators [Ati89, AS04]. Moreover, we obtain a
generalization of the Green-Julg theorem (Theorem 4.10).
It is natural to expect that this new K-theory is presented by using “fi-
nite dimensional” objects such as vector bundles or projections instead of
Fredholm operators. In general, it does not go on even if the groupoid is
proper. However, when the groupoid and its central extension has enough
finite dimensional representations, a desired presentation is given in Section
5 as a generalization of van Daele’s formulation of K-theory for Z2-graded
Banach algebras. Here, the boundary map of the long exact sequence is also
presented in a simple way by the exponential map. Moreover, we obtain
a more simple presentation of twisted equivariant K-groups for ungraded
C∗-algebras which is similar to Karoubi’s K-theory [Kar68,Kar08a].
This presentation of the twisted equivariant K-groups is applied for a
topological classification of gapped Hamiltonians of fermionic quantum sys-
tems. The boundary map of the Toeplitz exact sequence gives the bulk-edge
correspondence of topological insulators. In [Kub15], the author consider
the coarse Mayer-Vietoris exact sequence for twisted equivariant K-groups
of Roe algebras in order to prove the bulk-edge correspondence for quantum
systems which is not translation-invariant such as quasi-crystals.
In this context, Kellendonk [Kel15] gives a detailed calculation of van
Daele’s K-groups for certain Z2-graded Real C
∗-algebras in connection with
the classification of topological phases for each of 10 symmetry types in
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Kitaev’s periodic table. We remark that these groups are the same thing as
the description given in Theorem 5.14 of the twisted equivariant K-groups
when we consider the group A and a twist (φ, c, τ) as in Example 2.6.
Notations. We use the following notations throughout this paper.
◦ We assume that (topological) groupoids G = (G0,G1, s, r) are second
countable, locally compact and Hausdorff groupoids with a Haar
system (Definition 2.2 of [Ren80]). A groupoid is proper if the map
(s, r) : G1 → G0 × G0 is proper. We use the convention Gyx :=
(s, r)−1(x, y), G2 := G1s×r G1 i.e. g ◦ h is well-defined if s(g) = r(h).
◦ For a pre-simplicial space M• (see Section 2 of [Tu06]), we write
ε˜i : Mn → Mn−1 (i = 0, . . . , n) for the face maps induced from the
unique increasing map εi that avoids i.
◦ For a C∗-algebra A, let AR denote the underlying real C∗-algebra.
We use the same symbol AR for the Real C
∗-algebra AR ⊗R C.
◦ For a Hilbert space H (resp. a Hilbert C∗-module), let K(H) and
B(H) (resp. L(H)) denote the compact operator algebra and the
bounded operator algebra onH. We write Mˆp,q for the (Real) matrix
algebra K(Rn ⊕ (Rop)m).
◦ We write as αAg (or simply αg unless it causes some confusion) for a
group action on a C∗-algebra A. Similarly, we write as uEg (or simply
ug) for a representation on a Hilbert C
∗-module E.
◦ Throughout this paper we deal with Z2-graded C∗-algebras, that
is, C∗-algebras together with the involutive ∗-automorphism γA (or
simply γ). Let Aeven and Aodd denote the +1 and −1 eigenspaces of
γ respectively. We use the notation [a, b] for the supercommutator
[a, b] := ab− (−1)|a|·|b|ba.
◦ For a complex number λ (resp. a complex line bundle, an element
in a Real C∗-algebra), we write as 0λ := λ and 1λ := λ. In the same
way, we say a map between vector spaces is 0-linear (resp. 1-linear)
if it is linear (resp. antilinear).
◦ Let Cℓn,m denote the Real Clifford algebra associated to Rn+m to-
gether with the inner product 〈ξ, ξ〉 = −(ξ1)2−· · ·−(ξn)2+(ξn+1)2+
· · · + (ξn+m)2. That is, Cℓn,m is the finite dimensional Real C∗-
algebra generated by odd Real elements f1, . . . , fn and e1, . . . , em
with relations [ei, ej ] = 2δi,j , [fi, fj] = −2δi,j and [ei, fj ] = 0. Let
Cn,m denote the Clifford group, that is, the subgroup of Cℓ
×
n,m gen-
erated by {e1, . . . , em, f1, . . . , fn}.
2. Extensions and Brauer groups on groupoids
In this section, we review relations between twists, Brauer groups and
Cˇech cohomology groups and generalize them for twists in the sense of Freed-
Moore [FM13]. Most arguments are based on the works on [KMRW98] and
[Tu06].
First of all, we show the conclusion of this section.
Theorem 2.1. Let G be a groupoid and let φ be a Z2-valued 1-cocycle of G.
Then, the following three groups are canonically isomorphic:
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(1) the φ-twisted graded Brauer group φB̂r(G),
(2) the group φ T̂w(G) of twists on G associated to φ,
(3) the Cˇech cohomology group Hˇ1(G;Z2)⊕ǫ Hˇ2(G;Tφ).
Consequently, twists of G are classified by
(φ, c, τ) ∈
∐
φ∈Hˇ1(G;Z2)
Hˇ1(G;Z2)⊕ǫ Hˇ1(G;Tφ).
Before the proof, we introduce the definition of each object appearing in
the statement of Theorem 2.1.
The Cˇech cohomology groups for groupoids G and G-sheaves are the same
thing as the one introduced in the Section 4 of [Tu06]. Let G be an abelian
group. By Proposition 5.2 of [Tu06], a G-valued 1-cocycle φ corresponds
to a principal G-bundle pφ : G0φ → G0 with G-action. In other words, φ
determines a Hilsum-Skandalis map [HS87] from G to G. By replacing G
with another groupoid Gφ := G⋉G0φ⋊G which is Morita equivalent to G, we
may assume that φ is represented by a groupoid homomorphism φ : Gφ → G.
Let ǫ denote the 2-cocycle on the abelian group Hˇ1(G;Z2) which takes
value in Hˇ2(G;Tφ) determined by
ǫ(c1, c2)(g, h) := (−1)c2(g)·c1(h)
and let Hˇ1(G;Z2) ⊕ǫ Hˇ2(G;Tφ) denote the central extension group corre-
sponding to ǫ.
Definition 2.2 (Definition 7.23 of [FM13]). Let G be a groupoid and let φ
be a groupoid homomorphism from G to Z2.
◦ A Z2-grading of G is a groupoid homomorphism c : G → Z2.
◦ A φ-twisted extension of G is a principal T-bundle τ : (Gτ )1 → G1
together with the linear isomorphism
λg2,g1 :
φ(g1)Lτg2 ⊗ Lτg1 → Lτg2g1
(where Lτ := (Gτ )1 ×T C) such that the digram
φ(g2g1)Lτg3 ⊗ φ(g1)Lτg2 ⊗ Lτg1
id⊗λg2,g1 //
λg3,g2⊗id

Lτg3 ⊗ Lτg2g1
λg3,g2g1

φ(g1)Lτg3g2 ⊗ Lτg1
λg3,g2g1 // Lτg3g2g1
commutes.
We say that a triple (φ, c, τ) as above is a twist of G.
Example 2.3. Let τ be a central extension of G by Z2. Then, the associated
bundle Gτ ×Z2 T with respect to the inclusion Z2 ∼= {±1} ⊂ T is a φ-twisted
central extension of G by the product (g, t) · (h, s) := (gh, φ(g)st).
Example 2.4. Consider the group G = Z2 with the generator b and the group
homomorphism φR := id : Z2 → Z2. Then, the isomorphism class of a φR-
twisted central extension τ of Z2 by T is determined by the square b
2 ∈ T
of a lift b of b. By the relation b · b2 = b2 · b = bb2, the scalar b2 must be
±1. The corresponding two φR-twisted extensions are denoted by τ0R and
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τ0H respectively. For a central extension τ of G by Z2, let τR and τH denote
central extensions τ × τ0R and τ × τ0H of GR := G × Z2 respectively.
Example 2.5. Let Fn,m denote the group Z
n+m
2 = Z2f1 ⊕ · · · ⊕ Z2fn ⊕
Z2e1 ⊕ · · · ⊕ Z2em. Then, the canonical homomorphism from the Clifford
group Cn,m to Fn,m mapping ei and fj to ei and f j respectively determines
a central extension of Fn,m by Z2. We write τ
0
n,m for this extension and c
0
n,m
for the group homomorphism Fn,m → Z2 given by cn,m(ei) = cn,m(f j) = 1.
Example 2.6. Let G denote the finite abelian group Z2×Z2 with the generator
C := (1, 0) and T := (0, 1). There are three proper subgroups C, P and T of G
generated by C, CT and T . We fix two group homomorphisms φG, cG : G→
Z2 defined by φG(T ) = φG(C) = 1, cG(C) = 1 and cG(T ) = 0. According to
Lemma 6.17 and Proposition 6.4 of [FM13], every central extension Aτ of a
subgroupA of G by Z2 has a unique lift C, T of C, T such that (CT )
2 = 1 and
the pairs (A, τ) are classified by the choice of signs C2 = ±1 and T 2 = ±1.
We say that a CT-type symmetry is a quadruple (G, φ, c, τ) where G = G0×A,
(φ, c) = (φG, cG) ◦ pr2 and Gτ = Gτ00 × AτA . For a CT-type symmetry, the
pair (A, τA) is called its CT-type.
For a groupoid homomorphism φ : G → Z2, let Tφ denote the G-module
G × T with the G-action αg(t) = φ(g)t. Let ext(G,Tφ) denote the set of
equivalent classes of φ-twisted extensions, which is an abelian group under
the Baer sum [L1]+ [L2] := [L1⊗L2]. Let φt̂w(G) denote the group of twists
Hom(G,Z2) ⊕ε ext(G,Tφ) associated to φ. Here, for c1, c2 ∈ Hom(G,Z2),
ε(c1, c2) denotes the central extension G × Z2 of G by Z2 with the product
(g, i) · (h, j) := (gh, i + j + c2(g)c1(h)).
The group φt̂w(G) is related to Cˇech cohomology groups by the following
way. For a groupoid G and an open covering U of G0, G[U ] denotes the
groupoid given by G[U ]0 :=∐U∈U U ,
G[U ]1 := {(y, g, x) ∈ G[U ]0 × G1 × G[U ]0 | s(g) = π(x), r(g) = π(y)}
where π is the canonical projection from G[U ]0 to G, s and r are the third
and first projections and (z, g, y) · (y, h, x) := (z, gh, x). Remark that this
groupoid is Morita equivalent to G.
Proposition 2.7 (Proposition 5.2 and Proposition 5.6 of [Tu06]). The in-
ductive limit
φ T̂w(G) := lim−→U
φt̂w(G[U ])
is isomorphic to Hˇ1(G;Z2)⊕ǫ Hˇ2(G;Tφ).
Next, we turn to the classification of certain φ-twisted G-equivariant bun-
dles of C∗-algebras. Before that, we prepare terminologies of linear actions
and representations of groupoids for the convenience of readers. Basic ref-
erences are Section 13–14 of [FD88] and [KMRW98].
Let X be a locally compact second countable Hausdorff space. A Banach
bundle or a continuous field of Banach spaces over X is a topological space
E together with a continuous open surjection p : E → X, continuous maps
‖ ‖ : E → R+, + : E ×X E → E and · : C × E → E such that these
operations determine the Banach space structure on each fiber Ex := p−1(x)
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and any nets ξj in E such that p(ξj)→ x and ‖ξj‖ → 0 converges to 0x. For
a Banach bundle E , the space Γ0(X, E) of continuous sections vanishing at
infinity is a Banach space which is embedded in
∏
x∈X Ex. It is known that
a Banach bundle E over a locally compact Hausdorff space X has enough
continuous cross-sections, that is, for any ξx ∈ Ex there is a continuous
section ξ ∈ Γ(X,E) such that ξ(x) = ξx (see Appendix C of [FD88]).
A (strongly continuous) φ-twisted G-Banach bundle is a Banach bundle
E over G0 together with a continuous bundle map α : s∗E → r∗E such that
each αg : Es(g) → Er(g) is a bounded linear map, the map g 7→ ‖αg(ξ(s(g)))‖
is continuous for any ξ ∈ Γ0(X, E) and αgαh = αgh, αidx = idEx . We say
that a R-linear action α of G on a Z2-graded Banach bundle E is φ-linear if
each αg is φ(g)-linear and c-graded if each αg is even if c(g) = 0 and odd
c(g) = 1.
In this paper, we mainly deal with G-bundles of Hilbert spaces and C∗-
algebras. A Hilbert bundle H over X is a Banach bundle together with the
inner product 〈 , 〉 : H×X H → C such that ‖ξ‖2 = 〈ξ, ξ〉 for any ξ ∈ H. It
is shown in Proposition 2 of [Pat12] that the section space Γ0(X,H) has a
canonical Hilbert C0(X)-module structure and every Hilbert C0(X)-module
is isomorphic to the section space of a Hilbert bundle. We say that a linear
action u of G on a Hilbert bundle H over G0 is unitary if each ug is a φ-linear
unitary operator (i.e. ug is bijective and satisfies (ugξ, ugη) = (ξ, η) for any
ξ, η ∈ Hs(g)).
Definition 2.8. A (φ, c, τ)-twisted G-Hilbert bundle is a Hilbert bundle H
over G0 together with a φ-linear c-graded unitary action u of Gτ on H whose
restriction on T is given by the complex multiplication. We say that a
(φ, c, τ)-twisted G-Hilbert bundle is a (φ, c, τ)-twisted unitary representation
of G if the underlying Hilbert bundle is locally trivial whose structure group
is the unitary group U(H0) with the strong topology.
Here, we use the letter H0 for the abstract separable infinite dimensional
Hilbert space ℓ2N. By the Kasparov stabilization theorem, for any non-
trivial Hilbert bundle H over a locally compact second countable space X,
H ⊗H0 is isomorphic to the trivial bundle X ×H0 (cf. Proposition 7.4 of
[Lan95]). Therefore, for any (φ, c, τ)-twisted Hilbert G-bundle H, H⊗H0 is
a (φ, c, τ)-twisted unitary representation.
Example 2.9. Set
Cc(G, Lτ ) := {ξ ∈ Cc(Gτ ) | ξ(t−1g) = φ(g)t · ξ(g) for any t ∈ T},
which is a Z2-graded complex vector space by the scalar multiplication (λ ·
ξ)(g) := φ(g)λξ(g) and the Z2-grading (γξ)(g) := (−1)c(g)ξ(g). Let φL2c,τG be
the Hilbert C0(G0)-module given by the completion of Cc(G) with respect
to the inner product 〈ξ, η〉 (x) = ∫ ξ(g)η(g)dλx(g). Then, the corresponding
Hilbert bundle over G0 is a (φ, c, τ)-twisted G-Hilbert bundle whose fiber
on x is L2(Gx, Lτ ) with the left regular representation ug(ξ)(h) = ξ(g−1h).
Set φHc,τG :=
φL2c,τG ⊗ˆ Hˆ0 and let φHc,τG denote the corresponding (φ, c, τ)-
twisted unitary representation.
A φ-twisted G-C∗-bundle is a φ-twisted G-Banach bundle (A, α) together
with continuous maps · : A×X A → A and ∗ : A→ A such that each Ax
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is a C∗-algebra and each αg : As(g) → Ar(g) is a ∗-homomorphism by these
operations. The space of continuous sections vanishing at infinity Γ0(X,A)
of a φ-twisted G-C∗-bundle A is a φ-twisted G-C∗-algebra (which will be
introduced in Definition 3.1) by the fiberwise ∗-operation, the sup norm and
the canonical G-action.
We say that two φ-twisted G-C∗-algebras A and B are Morita-equivalent if
there is a φ-twisted Z2-graded G-equivariant Hilbert B-module E (Definition
3.4) such that 〈E,E〉 = B and K(E) ∼= A. Two φ-twisted G-C∗-bundles are
Morita-equivalent if the corresponding G-C∗-algebras are Morita-equivalent.
Definition 2.10. We say that a G-C∗-bundle A is (Z2-graded) elementary
if each fiber is isomorphic to the algebra of compact operators on Z2-graded
separable Hilbert spaces and satisfies Fell’s condition, that is, for any x ∈ G0
there is a neighborhood U of x and a section of rank 1 projections on U .
The φ-twisted Brauer group φB̂r(G) of G is the group of Morita-equivalent
classes of elementary φ-twisted G-C∗-bundles under the product given by
the graded tensor product.
Note that the underlying C∗-bundle over G0 of a stable (i.e. A ∼= A⊗K)
elementary G-C∗-bundleA is locally trivial (see Theorem 10.7.15 of [Dix77]).
Example 2.11. Let H be a (φ, c, τ)-twisted G-Hilbert bundle and H :=
Γ0(G0,H). Then, K(H) is isomorphic to the section algebra of a φ-twisted
G-C∗-bundle (see 10.7.1 of [Dix77]). Hereafter we use the same symbol K(H)
for this φ-twisted G-C∗-bundle. Moreover, it satisfies Fell’s condition because
a local section of rank 1 projections in K(H) corresponds to a continuous
non-zero local section of H. For two (φ, c, τ)-twisted G-C∗-bundles H1 and
H2, K(H1) and K(H2) are Morita-equivalent since K(H1,H2) is a K(H1)-
K(H2) imprimitivity bimodule. Therefore, we have a map
φ T̂w(G) →
φB̂r(G) given by (c, τ) 7→ φKc,τG := K(φHc,τG ). This map is actually a
group homomorphism since K(H1) ⊗ˆK(H2) ∼= K(H1 ⊗ˆH2) and H1 ⊗ˆH2 is
a (φ, c, τ)-twisted Hilbert G-bundle where c = c1+c2 and τ = τ1+τ2+ε(c1, c2)
as is shown in Lemma 3.5 in Section 3.
Proof of Theorem 2.1. The rest part of the proof is constructing the inverse
φB̂r(G) → φ T̂w(G) of the homomorphism in Example 2.11, which is given
in the same way as in Theorem 10.1 of [KMRW98]. We only remark that
for a φ-twisted elementary G-C∗-bundle whose underlying C∗-bundle is iso-
morphic to C0(G0) ⊗ˆK(H0) (and hence the G-action is given by a groupoid
homomorphism π : G1 → AutqtmK(H0)), the groupoid
E(π) := {(g, u) ∈ G ×AutqtmH0 | π(g) = Ad(u)}
is a φ-twisted central extension of G by T and the canonical action of
E(π) on C0(G0) ⊗ˆH0 determines a (φ, c, τ)-twisted G-Hilbert bundle. Here
AutqtmK(H0) denotes the group of linear/antilinear even ∗-automorphisms
onK(H0) and AutqtmH0 denotes the group of linear/antilinear and even/odd
unitary operators on H0. 
For a φ-twisted elementary G-C∗-bundle A, we call the corresponding
element in Hˇ1(G;Z2)⊕ǫ Hˇ2(G;Tφ) is the Dixmier-Douady invariant of A.
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3. Twisted equivariant KK-theory
In this section, we introduce the notion of twisted equivariant KK-theory
for pairs of φ-twisted G-C∗-algebras. We start with the definition of φ-
twisted actions of groupoids on C∗-algebras. For a locally compact Hausdorff
space X, a Z2-graded X-C
∗-algebra is a Z2-graded C∗-algebra A together
with a unital Z2-graded ∗-homomorphism Cb(X) → ZM(A). For exam-
ple, the section algebra Γ0(X,A) of a C∗-bundle over X is a X-C∗-algebra.
Conversely, by Proposition A.3 of [TXLG04], a X-C∗-algebra A such that
C0(X)A = A is isomorphic to the section algebra of an upper-semicontinuous
X-C∗-bundle (a variation of X-C∗-bundle such that the norm ‖ ‖ : A → R+
is upper-semicontinuous). Here, the fiber Ax of the corresponding upper-
semicontinuous C∗-bundle is given by
Ax := A/({f ∈ Cb(X) | f(x) = 0}A).
Moreover, bundle maps A → B and pull-backs f∗A by a continuous map f :
Y → X of C∗-bundles correspond toX-∗-homomorphisms (∗-homomorphisms
ϕ : A → B satisfying ϕ(fa) = fϕ(a)) and the tensor product C(Y ) ⊗X A
(Definition 1.5 and Definition 1.6 of [Kas88]) respectively.
Definition 3.1 (De´finition 3.4 of [LG99]). A φ-twisted Z2-graded G-C∗-
algebra is a Z2-graded G0-C∗-algebra A together with a G1-∗-homomorphism
α : s∗A→ r∗A such that each αg : As(g) → Ar(g) is a φ(g)-linear Z2-graded
∗-homomorphism satisfying αg ◦ αh = αgh and αidx = idAx .
Remark 3.2. Let A be a φ-twisted G-C∗-algebra. Then, by the same action
α, the underlying Real C∗-algebra AR is regarded as a Real G-C∗-algebra.
Actually, the correspondence a⊕jb 7→ (a+ib)⊕(a−ib) gives an isomorphism
between AR ∼= A ⊕ jA (where j is the imaginary unit of the Real C∗-
algebra AR) and p
∗
φA as G-C∗-algebras. Moreover, the right Z2-action on
p∗φA corresponds to the complex conjugation on AR.
Example 3.3. A Real G-C∗-algebra (A,α′) is regarded as a φ-twisted G-C∗-
algebra by the action αg(x) :=
φ(g)α′g(x). In particular, for a Real C∗-algebra
A, the C∗-algebra Cb(G0, A) together with the trivial G-action is a “trivial”
φ-twisted G-C∗-algebra. For simplicity of notation, we use the same letter
A for this φ-twisted G-C∗-algebra. Conversely, a φR-twisted GR-C∗-algebra
is the same thing as a Real G-C∗-algebra.
Definition 3.4. Let A be a Z2-graded φ-twisted G-C
∗-algebra. A (φ, c, τ)-
twisted G-equivariant Hilbert A-module is a Z2-graded Hilbert A-module
E with the (φ, c, τ)-twisted representation of G, that is, a φ-linear action
u : s∗E → r∗E of Gτ such that u|T is given by the complex multiplication,
〈ugξ, ugη〉 = ατ(g)(〈ξ, η〉) and γE(ugξ) = (−1)c(g)ugγE(ξ) for any g ∈ (Gτ )1.
For example, a (φ, c, τ)-twisted G-equivariant Hilbert R-module is the
same thing as the section space of a (φ, c, τ)-twisted G-Hilbert bundle. In
general, for a Z2-graded φ-twisted Hilbert G-module E over A and a (φ, c, τ)-
twisted G-Hilbert bundle H, the tensor product E ⊗ˆH is a (φ, c, τ)-twisted
G-equivariant Hilbert A-module.
In general, the twisted G-equivariant Hilbert A-module structure on the
interior tensor product of two Hilbert modules is given as the following
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lemma. Here, let us choose a pre-simplicial open cover U• = {Uµ• }µ∈I• of
G• (see Definition 4.1 of [Tu06]) such that U1 trivializes the fiber bundle
(Gτ )1 → G1. Then, by taking local continuous sections, we obtain locally
defined actions uµ : s∗E|Uµ1 → r∗E|Uµ1 of G (instead of Gτ ) for each µ ∈ I1
and a Tφ-valued 2-cocycle τ = {τν}ν∈I2 such that uε˜2νg uε˜0νh = τν(g, h)uε˜1νgh on
Uν2 for any ν ∈ I2. For simplicity of notations, we often omit the superscript
µ and ν for these locally defined actions and 2-cocycles.
Lemma 3.5. Let Ai be Z2-graded φ-twisted G-C∗-algebras, let (Ei, ui) be
(φ, ci, τi)-twisted G-equivariant Hilbert Ai-modules for i = 1, 2 and let ϕ :
A1 → L(E2) be a ∗-homomorphism such that
αL(E2)g ϕ(a) = (−1)|a|·c(g)ϕ(αA1g (a))(3.6)
for any homogeneous a ∈ (A1)s(g). Then,
ug(ξ ⊗ˆ η) = (−1)c2(g)·|ξ|u1gξ ⊗ˆu2gη
determines a well-defined (φ, c, τ)-twisted Hilbert G-module structure on E :=
E1 ⊗ˆA1 E2 where c := c1 + c2 and τ := τ1 + τ2 + ǫ(c1, c2).
Proof. First we observe that the above ug determines a well-defined linear
map on E⊗A1,alg F . Actually, for any g ∈ G, ξ ∈ (E1)s(g) and homogeneous
elements a ∈ (A1)s(g) and η ∈ (E2)s(g),
(−1)c2(g)·|ξa|(u1g(ξa)) ⊗ˆ(u2gη) = (−1)c2(g)·(|ξ|+|a|)(u1gξ)αg(a) ⊗ˆ(u2gη)
(−1)c2(g)·|ξ|(u1gξ) ⊗ˆ(u2g(aη)) = (−1)c2(g)·|ξ|(u1gξ) ⊗ˆ((−1)c2(g)·|a|αg(a)(u2gη))
= (−1)c2(g)·(|ξ|+|a|)(u1gξ) ⊗ˆαg(a)(u2gη).
Now for any homogeneous ξi ∈ (E1)s(g) and ηi ∈ (E2)s(g),〈
ug(ξ1 ⊗ˆ η1), ug(ξ2 ⊗ˆ η2)
〉
= (−1)c2(g)·(|ξ1|+|ξ2|) 〈u2gη1, 〈u1gξ1, u1gξ2〉 · (u2gη2)〉
= (−1)c2(g)·(|ξ1|+|ξ2|) 〈u2gη1, αg(〈ξ1, ξ2〉) · (u2gη2)〉
=
〈
u2gη1, u
2
g(〈ξ1, ξ2〉 · η2)
〉
= αg(
〈
ξ1 ⊗ˆ η1, ξ2 ⊗ˆ η2
〉
)
implies that the G-action on E1 ⊗ˆA,algE2 preserves the inner product and
hence extends to E1 ⊗ˆA E2. The projective representation u is (φ, c, τ)-
twisted because
uguh(ξ ⊗ˆ η) = (−1)c2(h)|ξ|+c2(g)|uhξ|u1gu1hξ ⊗ˆu2gu2hη
= (−1)c1(g)c2(h)τ1(g, h)τ2(g, h)ugh(ξ ⊗ˆ η)
for any ξ ∈ (E1)s(h) and η ∈ (E2)s(h). 
Example 3.7. For a (φ, c, τ)-twisted unitary representation (V, π) of G, we
write (
.
V,
.
π) for the (φ, c, τ + ǫ(c, c))-twisted unitary representation given by
.
V = V as Hilbert spaces and
.
π(g) := γc(g) ◦ π(g). Then, ϕ := id : K(V) →
K(
.
V) satisfies (3.6). In this case, we have V∗ ⊗ˆK(V)
.
V ∼= R as φ-twisted R-R
bimodules and
.
V ⊗ˆR V∗ ∼= K(V) as φ-twisted K(V)-K(V) bimodules.
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In the same way as Corollary 6.22 of [Tu99], we obtain the Kasparov
stabilization theorem for (φ, c, τ)-twisted G-equivariant Hilbert A-modules
when the groupoid G is proper. That is, for any σ-unital φ-twisted G-C∗-
algebra A and countably generated (φ, c, τ)-twisted G-equivariant Hilbert
A-modules E, there is a G-equivariant unitary equivalence
φH
c,τ
G,A ⊕ E ∼= φHc,τG,A(3.8)
where φHc,τG,A denotes the (φ, c, τ)-twisted Hilbert G-module φHc,τG ⊗ˆA. In
particular, HG,A ⊗ˆV ∼= Hc,τG,A for any (φ, c, τ)-twisted representation V of G.
Definition 3.9. Let A and B be Z2-graded G-C∗-algebras. A (φ, c, τ)-
twisted G-equivariant Kasparov A-B bimodule is a triple (E,ϕ, F ) where
◦ a countably generated (φ, c, τ)-twisted G-equivariant Hilbert B-module
E,
◦ a Z2-graded ∗-homomorphism ϕ : A→ L(E) satisfying (3.6),
◦ an odd self-adjoint operator F ∈ L(E) such that ϕ(a)F is G-continuous,
[ϕ(a), F ], ϕ(a)(F 2 − 1) ∈ K(E) and r∗ϕ(a)((−1)c(g)α(s∗F )− r∗F ) ∈
K(r∗E).
We say that two (φ, c, τ)-twisted G-equivariant Kasparov A-B bimodules
(Ei, ϕi, Fi) are homotopic if there is a (φ, c, τ)-twisted G-equivariant Kas-
parov A-B[0, 1] bimodule (E˜, ϕ˜, F˜ ) such that each ev∗i (E˜, ϕ˜, F˜ ) is unitary
equivalent to (Ei, ϕi, Fi) for i = 0, 1.
Definition 3.10. We define φKKGc,τ (A,B) the group of homotopy classes of
(φ, c, τ)-twisted G-equivariant Kasparov A-B bimodules.
Example 3.11. For τ ∈ Hˇ2(G,Z2), let GR, φR and τR be as in Example 2.4.
Then, the twisted equivariant KK-group φRKKGRτR (A,B) is isomorphic to the
twisted equivariant Real KK-group KKRG(A,B) by definition. In the same
way, the group φRKKGRτH (A,B) is isomorphic to the twisted Quaternionic
KK-group KKQG(A,B).
Proposition 3.12. Let A and B be φ-twisted Z2-graded G-C∗-algebras. Set
τ := τ + ǫ(c, c). Then, there is a natural isomorphism
φKKGc,τ (A,B) ∼= φKKG(A,B ⊗ˆ φKc,τG ).
In particular, when A is a Real G-C∗-algebra,
φKKGc,τ (A,B) ∼= KKRG(A, (B ⊗ˆ φKc,τG )R).
It reduces the twisted equivariant KK-group to the existing KK-group
since φKKG(A,B) is isomorphic to KKRG⋉G
0
φ(p∗φA, p
∗
φB) in the sense of
Moutuou [Mou14]. Here, the groupoid G⋉G0φ is regarded as a Real groupoid
by the Z2-action from the right. As a consequence, we obtain the 8-fold Bott
periodicity for twisted equivariant KK-theory.
Proof. By Lemma 3.5 and Example 3.7, we have a one-to-one correspon-
dence between (φ, c, τ)-twisted Kasparov bimodules for A,B and φ-twisted
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Kasparov bimodules for A,B ⊗ˆ φKc,τG given by
(E,ϕ, F ) 7→ (E ⊗ˆ(φHc,τG )∗, ϕ ⊗ˆ 1, F ⊗ˆ 1),
(E′ ⊗ˆφKc,τ
G
.
H
c,τ
G , ϕ
′ ⊗ˆ 1, F ′ ⊗ˆ 1) 7→ (E′, ϕ′, F ′).
Note that the operators F ⊗ˆ 1 and F ′ ⊗ˆ 1 satisfy the relations on group
actions because L(E ⊗ˆ(φHc,τG )∗) ∼= L(
.
E) and L(E′ ⊗ˆφKc,τ
G
φ
.
H
c,τ
G ) ∼= K(
.
E′).
When c = 0, τ = 0 and A is a Real G-C∗-algebra, φKKG(A,B) ∼=
φKKGφ(p∗φA, p
∗
φB) is isomorphic to
φKKG×Z2(A, p∗φB), which is isomorphic
to KKRG(A,BR) by Remark 3.2. 
At the end of this section, we briefly summarize basic properties of the
Kasparov product. Let (E1, ϕ1, F1) be a (φ, τ1, c1)-twisted G-equivariant
Kasparov A1-B1 ⊗ˆD bimodule and let (E2, ϕ2, F2) be a (φ, τ2, c2)-twisted
G-equivariant Kasparov A2 ⊗ˆD-B2 bimodule. Set τ = τ1+ τ2+ ǫ(c1, c2) and
c = c1+ c2. We say that a (φ, c, τ)-twisted G-equivariant Kasparov A1 ⊗ˆA2-
B1 ⊗ˆB2 bimodule (E,ϕ, F ) is a Kasparov product (E1, ϕ1, F1) ⊗ˆB(E2, ϕ2, F2)
if E = E1 ⊗ˆB E2, ϕ(a1 ⊗ˆa2) = ϕ1(a1) ⊗ˆϕ2(a2) and F satisfies
◦ the operator F is an F2-connection, that is, FTξ− (−1)∂ξTξF2 is
in K(E2, E) and T
∗
ξ F−(−1)∂ξF2T ∗ξ is in K(E,E2) for any ξ ∈ E1
(where Tξ(η) := ξ ⊗ˆ η).
◦ the operator ϕ(a)[F,F1 ⊗ˆ 1]ϕ(a)∗ is positive modulo compact for
any a ∈ A1 ⊗ˆA2.
(3.13)
It is straightforward to check that the Kasparov product always exists and
induces the well-defined product of KK-groups
φKKGc1,τ1(A1, B1 ⊗ˆD)⊗ φKKGc2,τ2(A2 ⊗ˆD,B2)→ φKKGc,τ (A1 ⊗ˆA2, B1 ⊗ˆB2)
which is associative by the same proof as Theorem 12 of [Ska84] (for Real
KK-theory).
As a corollary, we obtain an isomorphism between φKKGc,τ (A,B) and
the group φKKGc,τ (A,B)oh of “operator homotopy” equivalence classes of
(φ, c, τ)-twisted G-equivariant Kasparov A-B bimodules (cf. Subsection 18.5
of [Bla98]). Here, two (φ, c, τ)-twisted G-equivariant Kasparov A-B bimod-
ules (Ei, ϕi, Fi) are operator homotopic if there are degenerate (φ, c, τ)-
twisted G-equivariant Kasparov A-B bimodules (E′i, ϕi, F ′i ), an even unitary
operator U : E1⊕E′1 → E2⊕E′2 and a norm continuous path F˜t of operators
on E2⊕E′2 such that (E2⊕E′2, ϕ2⊕ϕ′2, F˜t) are (φ, c, τ)-twisted G-equivariant
Kasparov A-B bimodules and F˜0 = U
∗(F1 ⊕ F ′1)U , F˜1 = F2 ⊕ F ′2.
4. Twisted equivariant K-theory
In the same fashion as the untwisted case, it is natural to define the
twisted equivariant K-group as a special case of the twisted equivariant KK-
groups introduced in Section 3. In this section, we study basic properties of
twisted equivariant K-groups. In particular, we introduce a generalization
of the twisted crossed product for twists in the sense of [FM13] and prove
the generalization of the Green-Julg theorem.
Hereafter, we assume that G is a proper groupoid.
12 Y. KUBOTA
Definition 4.1. Let A be a φ-twisted Z2-graded G-C∗-algebra. The twisted
equivariant K-group φKG0,c,τ (A) is defined as the twisted equivariant KK-
group φKKGc,τ (R, A).
We remark that every element in φKKGc,τ (R, A) is represented by a Kas-
parov bimodule of the form [φHc,τG,A, 1, F ]. Actually, a Kasparov bimodule
(E,ϕ, F ) is equivalent to (pE⊕φHc,τG,A, p, pFp⊕F0) and pE⊕φHc,τG,A ∼= φHc,τG,A
by (3.8), where p := ϕ(1) and (φHc,τG,A, ϕ0, F0) is a degenerate Kasparov bi-
module such that ϕ0 is unital.
This definition has another reasonable presentation, which is a general-
ization of K-theory for Z2-graded C
∗-algebras introduced in [HG04,Tro00,
HK97]. Let S be the C∗-algebra C0(R) together with the Z2-grading γ(f)(x) =
f(−x) and the Real structure f(x) = f(x). The groupoid G acts on S by
αg(f) = γ
c(g)(φ(g)f).
Proposition 4.2. Let A be a φ-twisted Z2-graded G-C∗-algebra. Then,
the group φKG0,c,τ (A) is isomorphic to the set of homotopy classes of G-
equivariant ∗-homomorphisms [S, A ⊗ˆ φKc,τG ]G.
For a G-C∗-algebra A, let A+ denote the unitization A+Cb(G0) ⊂M(A⊕
R) of A. Then, there is a one-to-one correspondence between G-equivariant
∗-homomorphisms from S to A ⊗ˆ φKc,τG and unitaries (A ⊗ˆ φKc,τG )+ such that
u − 1 ∈ A ⊗ˆ φKc,τG , γ(u) = u∗ and αg(u) = γc(g)+φ(g)(u). Actually, a ∗-
homomorphism ϕ corresponds to a unitary 1+ϕ(− exp(πix(1+x2)−1)−1).
Proof. The proof is given in the same way as in Theorem 4.7 of [Tro00].
By the functional calculus given in Theorem 3.2 of [Tro00], we obtain a
Z2-graded submodule E := ϕ(Cc(R))φH
c,τ
G,A of
φH
c,τ
G,A and a regular odd self-
adjoint operator D on E given by D(ϕ(f)ξ) := ϕ(xf)ξ. Consequently we
obtain a Kasparov R-(A ⊗ˆ φKc,τG ) bimodule [E, 1,D(1 +D2)−1/2]. This cor-
respondence gives a group homomorphism [S, A ⊗ˆ φKc,τG ]G → φKKGc,τ (R, A).
In the same way as the proof of Theorem 4.7 of [Tro00], we can check that
it is an isomorphism. We remark that for any Kasparov bimodule (E,ϕ, F ),
we can replace F with another Fredholm operator F ′ =
∫
g∈Gx αg(Fs(g))dλ
x(g)
commuting with the G-action since G is proper. 
Now we generalize the Green-Julg theorem [Jul81] for twisted equivariant
K-theory. First, we start with the definition of the crossed product for
groupoid actions with general twists. Here, we say that an extension of
a groupoid G by a group N is a principal N -bundle Gσ over G1 with a
groupoid structure which is compatible with the projection π : Gσ → G and
the identification π−1(1x) = 1x ·N ∼= N for each x ∈ G0. Denote nx := 1x ·n
for n ∈ N .
Definition 4.3. Let φ : G → Z2 be a groupoid homomorphism and let A
be a G0-C∗-algebra. We say that a (φ, σ)-twisted G-action is a pair (Gσ, α)
where Gσ is a groupoid extension of G by a locally compact subgroup N of
UM(A) and α is a φ-twisted action of Gσ on A such that αux = Adux for
any u ∈ N .
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In the same way as in Section 3, we get a family of φ-linear G0-∗-automorphisms
α = {αµ : s∗A|Uµ → r∗A|Uµ}µ∈I1 and a family σ = {σν : V ν → N}ν∈I2
such that
αε˜0νg ◦ αε˜2νh = Ad(σν(g, h)r(g)) ◦ αε˜1νgh ,
σε˜1κ(gh, k)σε˜3κ(g, h) = αε˜2ε˜1κg (σ
ε˜0κ(h, k))σε˜2κ(g, hk),
σν(g, 1r(g)) = σ
ν(1s(g), g) = 1,
αµ1x = idAx ,
for each ν ∈ I2, κ ∈ I3, x ∈ G0 and g ∈ G1. We say that σ is a 2-cocycle
associated to α.
Definition 4.4. Let c : G → Z2 be a groupoid homomorphism. For a (φ, σ)-
twisted G-action on a C∗-algebra A, the (φ, c, σ)-twisted crossed product
G ⋉φc,σ A is the Z2-graded C∗-algebra G ⋉c,σ AR together with the Real
structure induced from the complex conjugation on AR.
Here, for a σ-twisted G-C∗-algebra, the full graded twisted crossed product
G⋉c,σA (see Section 2 of [CE01]) is given by the completion of the subalgebra
Cc(G, r∗A, σ) of Cb(Gσ, r∗A) consisting of functions f with compact support
on G such that f(g˜u) = f(g˜)αg˜(u∗) ∈ Ar(g˜) with operations
f1 ∗ f2(g˜) :=
∫
Gr(g˜)
(−1)c(g˜)·|f1(h˜)|f1(h˜)αAh˜ (f2(h˜−1g˜))dλr(g˜)(h),
f∗(g˜) := (−1)c(g˜)·|f(g˜)|αAg˜ (f(g˜−1)∗),
αh˜(f)(g˜) := α
A
h˜
(f(h˜−1g˜)),
γ(f)(g˜) := (−1)c(g˜)γA(f(g˜)),
for g˜, h˜ ∈ Gσ by the maximal C∗-norm smaller than
‖f‖1 := sup
x∈G0
max
{∫
Gx
‖f(g)‖ dλx(g),
∫
Gx
‖f(g)‖ dλx(g)
}
(note that ‖f(g˜)‖ is a function on G). Note that our definition is slightly
different from Definition 5.1 of [Thi15].
In Section 3.6 of [KS04], the reduced crossed product of a groupoid action
is defined as the quotient of the full twisted crossed product with respect to
the family of kernels of (pointwise) regular representations. The difference
between full and reduced crossed products causes no problem for us because
they always coincide when G is proper.
For a (φ, c)-twisted representation u of Gσ and a ∗-representation π of
A on a Hilbert bundle H over G0 which are twisted covariant (that is, it
satisfies ugπ(a)u
∗
g = (−1)c(g)·|a|π(αg(a)) for any g ∈ G1 and a ∈ As(g)),
we have a unique representation π˜ of the full crossed product G ⋉φc,τ A on
p∗φH ∼= HR.
Example 4.5. When φ is trivial, then the (φ, c, σ)-twisted crossed product is
isomorphic to (G⋉c,σA)R, whose Real K-group is isomorphic to the K-group
of G ⋉c,σ A.
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Example 4.6. When G acts on the Real C∗-algebra R trivially, the crossed
product G ⋉φc,τ R is called the (φ, c, τ)-twisted groupoid C∗-algebra and de-
noted by φC∗c,τG. For example, the twisted groupoid C∗-algebra of GR with
respect to a real twist (φR, c, τR) is isomorphic to M2(C
∗
c,τ (G;R)) where
C∗c,τ (G;R) is the twisted graded groupoid C∗-algebra with coefficient in R.
For a general Z2-valued 1-cocycles c on G, we define the stable twisted
groupoid C∗-algebra as φC˚∗c,τG := φC∗c,τGc. When c is represented by a
groupoid homomorphism, it is isomorphic to Mˆ1,1(
φC∗c,τG). For example,
when (A, τ) is a CT-type as in Example 2.6, then φC˚∗c,τA is isomorphic to a
Clifford algebra as indicated in Table 1 below.
A 1 P T C G
C2 ❛❛
❛
❛
❛
❛❛
❛
❛
❛❛
❛
❛
❛❛
1 −1 1 1 −1 −1
T 2 ❛❛
❛
❛
❛
❛❛
1 −1 ❛❛
❛❛
❛
❛
❛❛
1 −1 1 −1
φC˚∗c,τA Cℓ2 Cℓ3 Cℓ2,2 Cℓ0,4 Cℓ1,3 Cℓ3,1 Cℓ2,3 Cℓ1,4 Cℓ3,2 Cℓ4,1
φKA0,c,τ K0 K1 KR0 KR4 KR2 KR6 KR1 KR3 KR7 KR5
Cartan A AIII AI AII D C BDI DIII CI CII
Table 1. The 10-fold way and Clifford algebras
Example 4.7. Let GR, φR and τR be as in Example 2.4. For a Real G-C∗-
algebra A and c ∈ Hom(G,Z2), the twisted crossed product GR ⋉φRc,τR A is
isomorphic toM2(G⋉c,τA). In the same way, the crossed product GR⋉φRc,τHA
is isomorphic to the quaternionic crossed product G⋉Hc,τA := (G⋉c,τA)⊗RH.
Example 4.8. Let Fn,m and (c
0
n,m, τ
0
n,m) be as in Example 2.5. The real
graded group C∗-algebra C∗c0n,m,τ0n,m(Fn,m) is isomorphic to the complex Clif-
ford algebra M2(Cℓn+m). Moreover, let G be a groupoid, let (φ, c, τ) be a
twist on G and let A be a φ-twisted G-C∗-algebra. Set G′ = Gn,m := G×Fn,m
and
(φ, c′, τ ′) = (φ, cn,m, τn,m) := (φ× 0, c× c0n,m, τ × τ0n,m).
Then, G′ ⋉φc′,τ ′ A is isomorphic to (G ⋉φc,τ A) ⊗ˆCℓn,m.
Lemma 4.9. The crossed product G ⋉φc,τ A is Morita equivalent to G ⋉
(A ⊗ˆ φKc,−τG )R, where as Real C∗-algebras.
Proof. First, we reduce the problem for the case that c = 0. Let V be the
Z2-graded vector space Rˆ with the Real c-twisted representation of G given
by Ad(1 ⊗ˆ e)c(g) where e :=
(
0 1
1 0
)
. Then, we have a ∗-isomorphism
G ⋉φτ (A ⊗ˆK(V))→ G ⋉φc,τ (A ⊗ˆK(Rˆ)) ∼= (G ⋉φc A) ⊗ˆK(Rˆ)
given by f(g˜) 7→ (1 ⊗ˆ eγ)c(g˜)f(g˜) for any f ∈ Cc(G, r∗A, τ).
Next, we assume that c = 0. Recall that two C∗-algebras A and B are
Morita equivalent if and only if there is a C∗-algebra D and a projection
p ∈M(D) such that pDp ∼= A, (1−p)D(1−p) ∼= B andDpD := span{d1pd2 |
di ∈ D} is dense in D. (See [BGR77]. Actually, pD(1 − p) is a A-B
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imprimitivity bimodule and conversely D :=
(
A E
E∗ B
)
satisfies the above
properties.)
Let B be the C∗-algebra A ⊗ˆK(φH−τG ⊕ R) =
(
A ⊗ˆK−τG A ⊗ˆ(φH−τG )∗
A ⊗ˆH−τG A
)
with the (φ, σ)-twisted G-action
αg(
(
a ⊗ˆ x b ⊗ˆ ξ∗
c ⊗ˆ η d
)
) =
(
αg(a) ⊗ˆugxu∗g αg(b) ⊗ˆ(ugξ)∗
αg(c) ⊗ˆ ugη αg(d)
)
where σ is the UM(B)-valued 2-cocycle given by σ(g, h) =
(
1 0
0 τ(g, h)
)
.
Set D := G ⋉σ B. Then, the projection p :=
(
1 0
0 0
)
in M(D) satisfies
pDp ∼= G ⋉φ (A ⊗ˆ φK−τG ) and (1 − p)D(1 − p) ∼= G ⋉φτ A. Moreover, since
D contains a dense subspace Cc(G)B and BCc(G), DpD contains a dense
subset Cc(G)BpBCc(G) = Cc(G)BCc(G) in D. 
Theorem 4.10. Let G be a proper groupoid. Then there is an isomorphism
φKG∗,c,τ (A) ∼= KR∗(G ⋉φc,−τ A),
where τ := τ + ǫ(c, c).
Proof. The Green-Julg theorem is generalized for proper groupoids in Propo-
sition 6.25 of [Tu99]. By Proposition 3.12, φKKGc,τ (R, A) is isomorphic to the
Real KK-group KKRG(R, (A ⊗ˆ φKc,τG )R). Now the conclusion follows from
the usual Green-Julg theorem for Real C∗-algebras and Lemma 4.9. 
Corollary 4.11. Let G′ := Gn,m and (φ, c′, τ ′) := (φ, cn,m, τn,m) be as in
Example 4.8. For any φ-twisted G-C∗-algebra A, we have an isomorphism
φKG
′
0,c′,τ ′(A)
∼= φKGm−n,c,τ (A).
In particular, φRK
G′
R
0,c′,τ ′
R
(A) ∼= KRGm−n,c,τ (A) for any Real G-C∗-algebra A.
Proof. It follows from Example 4.6, Example 4.8 and the Green-Julg theo-
rem 4.10. Note that τn,m + ǫ(cn,m, cn,m) = τm,n for Clifford twits. 
Corollary 4.12. Let (G, φ, c, τ) be a CT-type symmetry as in Example 2.6
with the CT-type (A, τ) and let A be a Z2-graded Real G0-C∗-algebra. Then,
the twisted equivariant K-group φKG∗,c,τ (A) is isomorphic to the equivariant
K-group KFG0n+∗(A). Here, KFn is one of Kn (n = 0, 1) or KRn (n =
0, . . . , 7) as indicated in Table 1.
Proof. It follows from the Green-Julg theorem 4.10 and Example 4.6. Since
A acts on A trivially, the crossed product G ⋉φc,τ A is isomorphic to (G0 ⋉τ0
A) ⊗ˆ(φC∗c,τA). 
5. The group φKG1,c,τ (A)vD
In this section, we introduce another formulation of twisted equivariant
K-theory based on van Daele’s definition of K-theory for Z2-graded Banach
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algebras. This definition is related to Karoubi’s K-theory [Kar68,Kar08a]
in the case that the C∗-algebra is trivially graded.
Throughout this section, we assume that G is a proper groupoid with
the compact orbit space such that φHc,τG is AFGP for any (φ, c, τ). Here
we say that a (twisted) representation H is AFGP (approximately finitely
generated projective) if there is a G-invariant approximate unit of projections
(pn) in K(H) (Definition 5.14 of [TXLG04]). By Lemma 3.1 of [HR98], we
can replace it with an increasing approximate unit of projections]. In other
words, H is AFGP if and only if it is decomposed into a direct sum of finite
dimensional representations.
Remark 5.1. A reasonable criterion for HG to be AFGP is given in Theorem
6.14 of [EM09]; it holds if and only if every irreducible representation of
Gxx is contained in the fiber of a finite dimensional representation of G (see
also Theorem 6.15 of [EM09]). For example, this condition is satisfied for a
translation groupoid G⋉X if G is compact.
Note that Hc,τG is AFGP if and only if so is HG and there is a finite dimen-
sional (φ, c, τ)-twisted representation of G since φHc,τG ∼= HG ⊗ˆV (cf. Propo-
sition 5.25 of [TXLG04]). It is conjectured in Subsection 5.7 of [TXLG04]
that G has a τ -twisted representation if and only if τ is in the image of
Hˇ2(G; (Q/Z)φ)→ Hˇ2(G;Tφ). It is known to be true in the case that G is a
compact group (G always has a τ -twisted G-vector bundle), G is a compact
space (the Grothendieck-Serre theorem [Gro95,AS04]) and G is a Renault-
Deaconu groupoid [FG15] but still open in general.
Let A be a unital φ-twisted Z2-graded G-C∗-algebra. We say that an
element a ∈ A is graded G-invariant with respect to the Z2-grading c on
G if αg(a) = γc(g)(a) for any g ∈ G. Let φFGc (A) denote the set of graded
G-invariant odd symmetries of A (remark that φFGc (A) is possibly empty,
for example when A is trivially graded).
For a finite dimensional (φ, c, τ)-twisted unitary representation V of G,
set φFGc,V(A) :=
φFGc (A ⊗ˆK(V)). For a fixed element e ∈ φFGc (A), set
φKGc,τ (A)e := lim−→V π0
φFGc,V(A), where V runs over all finite dimensional
(φ, c, τ)-twisted unitary representations. Here, the inductive limit is taken
with respect to the map π0F
G
c,V(A) → π0FGc,W(A) for V ⊂ W given by
x 7→ x ⊕ e ⊗ˆ 1V⊥ . The direct sum (x, y) 7→ x ⊕ y determines a map
from φFGc,V(A)× φFGc,W(A) to φFGc,V⊕W(A), which induces a map φKGc,τ (A)e×
φKGc,τ (A)e → φKGc,τ (A)e. Note that we obtain the same group by taking
limits on finite direct sums of HG . By the same reasoning as Proposition
2.7 of [VD88a], it is associative and commutative. Consequently φKGc,τ (A)e
has the structure of abelian semigroup with the unit [e].
Proposition 5.2. Assume that there is an element e in φFGc (A) and an
even G-invariant unitary v ∈ A such that vev∗ = −e. Then φKGc,τ (A)e is an
abelian group and independent of the choice of such e up to isomorphism.
Proof. The proof is given in the same way as in Proposition 3 of [VD88c].
Actually, if there is another f ∈ φFGc,τ (A) and even G-invariant unitary w
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such that wfw∗ = −f , the map
Ad
(
1
2
(
1 0
0 w∗
)(
1 + fe 1− fe
1− fe 1 + fe
)(
1 0
0 v
))
induces an isomorphism φKGc,τ (A)e → φKGc,τ (A)f . 
Remark 5.3. Let u be an even G-invariant unitary in A ⊗ˆK(V) commuting
with e. Then, Adu acts trivially on φKGc,τ (A)e since usu∗⊕ e = (u⊕u∗)(s⊕
e)(u⊕ u∗) and there is a homotopy (u⊕ 1)Rt(u∗ ⊕ 1)Rt of even G-invariant
unitaries commuting with e⊕ e connecting u⊕ u∗ and 1 (where Rt are the
2-by-2 rotation matrices). Consequently, the isomorphism in Proposition
5.2 is independent of the choice of unitaries v. Moreover, when e and f
are anticommutative, we have a simple presentation 12 Ad(1 + ef) of the
isomorphism φKGc,τ (A)e ∼= φKGc,τ (A)f .
Let Rˆ2,2c be the Z2-graded real Hilbert space R ⊕ Rop ⊕ R ⊕ Rop with
the φ-twisted representation ugξ = u
c(g)(φ(g)ξ) of G. Then, the Z2-graded
φ-twisted C∗-algebra Mˆc2,2 := K(Rˆ
2,2
c ) is Morita-equivalent to R and has a
graded G-invariant odd symmetry v. Here,
u =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , v =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 .
We simply write Mˆc2,2(A) for the tensor product Mˆ
c
2,2 ⊗ˆA.
Definition 5.4. The twisted equivariant K1-group
φKG1,c,τ (A)vD is defined
by the abelian group Ker(φKGc,τ (Mˆc2,2(A
+))v → φKGc,τ (Mˆc2,2))v.
We remark that when A is unital A+ is isomorphic to the direct sum
A⊕ Cb(G0) and hence φKG1,c,τ (A)vD is isomorphic to φKGc,τ (Mˆc2,2(A))v .
Lemma 5.5. There is a natural isomorphism φKG1,c,τ (A)vD ∼= φKG1 (A ⊗ˆ φKc,τG )vD,
where τ := τ + ǫ(c, c).
Proof. For a (φ, c, τ)-twisted representation V, let V˙ be as in Example 3.7.
The identity ∗-homomorphism A ⊗ˆK(V) → A ⊗ˆK( .V) gives a homeomor-
phism ϕ∗ : φFc(A ⊗ˆK(V)) → φF (A ⊗ˆK(
.
V)). Since K(
.
V) is Morita equiv-
alent to φKc,τG , the inductive limit lim−→V π0
φF (A ⊗ˆK( .V)) is isomorphic to
φKG1 (A ⊗ˆ φKc,τG )vD. Therefore, ϕ∗ gives a desired isomorphism. 
Lemma 5.6. If s, t ∈ φFGc,V(A) satisfies ‖s− t‖ < 2, there is a G-invariant
even self-adjoint element h ∈ A ⊗ˆK(V) such that ‖h‖ < 1, tht = −h and
s = exp(2πih)t. Moreover, s and t are homotopic in φFGc,V(A).
Proof. Since ‖st− 1‖ < 2, −1 is not contained in the spectrum of the G-
invariant even unitary st. Hence h := log st with respect to the branch
{−iR≥0} is well-defined self-adjoint element in A ⊗ˆK(V) such that ‖h‖ < 1
and tht = log(t(st)t) = log(st)∗ = − log st = −h. Now, τ 7→ exp(2πiτh)t
gives a continuous path connecting s and t in φFGc,V(A). 
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Lemma 5.7. The functor φKG1,c,τ ( )vD has the following properties.
(1) The correspondence A 7→ φKG1,c,τ (A)vD is a covariant functor from
the category of φ-twisted Z2-graded G-C∗-algebras and ∗-homomorphisms
to the category of abelian groups.
(2) If two G-equivariant ∗-homomorphisms ϕ and ψ are homotopic, then
ϕ∗ = ψ∗ : φKG1,c,τ (A)vD → φKG1,c,τ (B)vD.
(3) For any φ-twisted representations V1 ⊂ V2 of G, the inclusion K(V1)→
K(V2) induces the isomorphism
fAV1,V2 :
φKG1,c,τ (A ⊗ˆK(V1))vD → φKG1,c,τ (A ⊗ˆK(V2))vD.
(4) A short exact sequence 0 → I ι−→ A π−→ A/I → 0 of φ-twisted G-C∗-
algebras induces an exact sequence
φKG1,c,τ (I)vD → φKG1,c,τ (A)vD → φKG1,c,τ (A/I)vD.
Proof. The assertion (1) and (2) follows from the definition.
When V1 and V2 are finite dimensional, (3) follows by definition. There-
fore, fAR,HG is also isomorphic by continuity of the functor
φKG1,τ,c( )vD, that
is, lim−→
φKG1,τ,c(An)vD ∼= φKG1,τ,c(lim−→An)vD. It can be checked in the same
way as the case of K-groups for C∗-algebras by Lemma 5.6 (see for example
Theorem 6.3.2 of [RLL00]). Moreover, for any φ-twisted representation V of
G, fA
V,HG
= f
A ⊗ˆK(V)
R,HG
since HG ∼= V ⊗HG . Finally, fAV1,V2 is isomorphic for
general V1 and V2 since the diagram
φKG1,c,τ (A ⊗ˆK(V1))vD
fA
V1,V2 //
fA
V,V2⊕HG
**❱❱❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
φKG1,c,τ (A ⊗ˆK(V1 ⊕ V2))vD
fA
V1⊕V2,HG

φKG1,c,τ (A ⊗ˆK(V1 ⊕ V2 ⊕HG))vD
commutes, (3.8) implies V2 ⊕HG ∼= HG .
To see (4), it suffices to check that Kerπ∗ = Im ι∗. We may assume that
A is unital. Let s˜ be a super G-invariant odd symmetry in A and let st be
a homotopy of super G-invariant odd symmetries in π(s˜) = s0. Then there
are t1, t2, . . . , tn such that
∥∥sti − stj∥∥ < 2. Therefore, it suffices to show that
for s˜ ∈ φFGc,V(Mˆc2,2(A)) and s′ ∈ φFGc,V(Mˆc2,2(A/I)) such that ‖π(s˜)− s′‖ < 2,
there is a lift s˜′ ∈ φFGc,V(Mˆc2,2(A)) of s such that s˜ and s˜′ are homotopic.
This follows from Lemma 5.6 and the fact that every even G-invariant self-
adjoint h ∈ Mˆc2,2(A/I) ⊗ˆK(V) anticommuting with s has an even G-invariant
self-adjoint lift h˜ ∈ Mˆc2,2(A/I) ⊗ˆK(V) anticommuting with s˜. 
Lemma 5.7 asserts that the functor φKG1,c,τ ( )vD is equivariantly stable,
homotopy invariant and half-exact. Hence, the same argument as Proposi-
tion 4.1 of [Cun84] can be applied for φKG1,c,τ ( )vD and we obtain the long
exact sequence
· · · → φKG1,c,τ (SI)vD → φKG1,c,τ(SA)vD → φKG1,c,τ (SA/I)vD
∂−→
φKG1,c,τ (I)vD → φKG1,c,τ (A)vD → φKG1,c,τ (A/I)vD.
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Here the boundary map ∂ is given in the same way as Proposition 4.7 of
[VD88a].
Moreover, this exact sequence is extended for negative direction. Let
Sp,q denote the Real C∗-algebra C0(Rp+q) together with the Real structure
f(ξ, η) = f(ξ,−η).
Proposition 5.8. There is a natural isomorphism between φKG1,c,τ (A)vD and
φKG1,c,τ (S
1,1A)vD.
Proof. Let T0,R be the Real reduced Toeplitz algebra C∗(s − 1) where s ∈
B(ℓ2RZ≥0) is the unilateral shift operator (sξ)i := ξi−1. Then, the boundary
homomorphism ∂ : K1,c,τ (S
1,1A)vD → K1,c,τ (A)vD associated to the exact
sequence
0→ A ⊗ˆK→ A ⊗ˆ T0,R → S0,1A→ 0
gives a natural homomorphism from φKG1,c,τ (S
1,1 )vD to
φKG1,c,τ ( )vD. More-
over, applying Proposition 4.3 of [Cun84] for the functor φKG1,c,τ (A ⊗ˆ )vD, we
obtain φKG1,c,τ (A ⊗ˆ T0,R)vD = 0 and consequently ∂ is an isomorphism. 
Let φKG1+p−q,c,τ (A)vD denote the group
φKG1,c,τ (S
p,qA)vD, which depends
only on the difference p − q. Together with Proposition 5.8, we obtain the
following.
Corollary 5.9. Let 0 → I → A → A/I → 0 be an exact sequence of
φ-twisted G-C∗-algebras. Then, we obtain the long exact sequence
· · · →φKG2,c,τ (A/I)vD → φKG1,c,τ(I)vD → φKG1,c,τ (A)vD → φKG1,c,τ (A/I)vD
→φKG0,c,τ (I)vD → φKG0,c,τ (A)vD → φKG0,c,τ(A/I)vD → φKG−1,c,τ (I)vD → . . . .
Finally we relate φKG1,c,τ ( )vD with Definition 4.1. For a φ-twisted Z2-
graded G-C∗-algebra A, letMs(A) denote the stable multiplier algebraM(A ⊗ˆKG)
and let Qs(A) denote the stable corona algebra Ms(A)/(A ⊗ˆKG).
Lemma 5.10. Let A be a φ-twisted Z2-graded G-C∗-algebra. Then, we have
φKG∗,c,τ (Ms(A))vD = 0 for any ∗ ∈ Z.
Proof. If suffices to show that [s] = 0 for any s ∈ φFGc,V((Mˆc2,2((Sp,qMs(A))+)).
Let Vn : R → ℓ2Z be isometries onto C · δn. We identify HG,A ⊗ ℓ2Z>0 and
HG,A ⊗ ℓ2Z>0 with HG,A by a unitary equivalence. Since the bilateral shift
operator is homotopic to the identity in UB(ℓ2Z), there is a homotopy∑
n<0
VnsV
∗
n ⊕ s⊕
∑
n>0
Vnv0V
∗
n ∼
∑
n<0
VnsV
∗
n ⊕ v0 ⊕
∑
n>0
Vnv0V
∗
n
in φFG
c,V 3
(Mˆc2,2((S
p,qMs(A))
+)). This implies that
[
∑
n<0
VnsV
∗
n ] + [s] + [
∑
n>0
Vnv0V
∗
n ] = [
∑
n<0
VnsV
∗
n ] + [v0] + [
∑
n>0
Vnv0V
∗
n ]
and hence [s] = [v0] = 0 in
φKG1+p−q,c,τ(Ms(A)). 
Theorem 5.11. There is a natural isomorphism φKG0,c,τ (SA)→ φKG1,c,τ (A)vD.
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Proof. This proof is based on the idea commented in Section 2 of [Roe04].
First we claim that φKKGc,τ (R, A) is isomorphic to the twisted equivariant
K-group φKG1,c,τ (Qs(A))vD. Let s be an element in
φFGc,V (Qs(A)). When we
choose a self-adjoint lift s˜ ∈ Mˆc2,2(Ms(A)) ⊗ˆK(V) of s, then (Rˆ2,2c ⊗ˆHG,A ⊗ˆV, 1, s˜)
is a Kasparov R-A bimodule. The correspondence [s] 7→ [Rˆ2,2c ⊗ˆHG,A ⊗ˆV, 1, s˜]
determines a well-defined group homomorphism ΦA :
φKG1,c,τ (QsA)vD →
φKKGc,τ (R, A)oh.
Surjectivity of ΦA follows from the Kasparov stabilization theorem (3.8)
and the fact that Rˆ2,2c ⊗ˆHG,A ⊗ˆV ∼= φHc,τG,A. Actually, every element in
φKKGc,τ (R, A) is represented by a Kasparov bimodule of the form [φH
c,τ
G,A, 1, F ].
To see that ΦA is injective, it suffices to show that s ∈ φFGc,V(A) satis-
fies [s] = 0 if there is a degenerate Kasparov bimodule [E, 1, F ] such that
s˜ ⊕ F is homotopic to a super G-invariant odd symmetry in the space of
Fredholm operators in L(φHc,τG,A ⊕ E). By (3.8), we may replace E with
H
c,τ
G,A. Hence the assumption means that [s] + [π(F )] is in the image of
π∗ : φKG1,c,τ (Ms(A))vD → φKG1,c,τ (Qs(A))vD and we obtain [s] = 0 by Lemma
5.10.
Consider the map between long exact sequences
0 // SA ⊗ˆKG // SMs(A)

// SQs(A) //

0
0 // SA ⊗ˆKG // Ms(SA) // Qs(SA) // 0
and apply Lemma 5.10. Then we obtain that the canonical inclusion SQs(A)→
Qs(SA) induces an isomorphism
φKG1,c,τ (SQs(A))vD ∼= φKG1,c,τ (Qs(SA))vD.
Finally we obtain the isomorphism
ΨA :
φKKGc,τ (R, SA)
SΦ−1A−−−→ φKG1,c,τ (SQsA)vD ∂−→ φKG1,c,τ (A ⊗ˆKG)vD
such that all of these homomorphisms are natural. 
As a consequence of Theorem 5.11, we obtain the isomorphism
βA := ΨA ◦ β ◦Ψ−1A : φKG1,c,τ (A)vD → φKG1,c,τ (SA ⊗ˆCℓ0,1)vD.
where β := [C0(R) ⊗ˆCℓ0,1, 1, x(1 + x2)−1/2e] ∈ KKG(R, SCℓ0,1) is the Bott
element. On the other hand, a natural isomorphism ΞA from
φKG1,c,τ (A)vD
to φKG1,c,τ (SA ⊗ˆCℓ0,1)vD is given in Theorem 2.14 of [VD88b] as ΞA[s] :=
[z(s; t)] where
z(s; t) := Ad((1 + ve)/
√
2) ◦Ad ν(s; t) ◦Ad ν(v;−t)(e),
ν(x; t) := cos(πt/2) + xe sin(πt/2).
Actually, these isomorphisms coincide. To see this, let s be an odd c-graded
G-invariant symmetry in Qs(A) ⊗ˆK(V) and let s˜ be a self-adjoint lift of s in
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Mˆc2,2Ms(A) ⊗ˆK(V). Then,
[Hc,τG,SA ⊗ˆCℓ0,1 , 1, z(s˜; t)] = [H
c,τ
G,SA ⊗ˆCℓ0,1 , 1,Ad ν(s˜; t) ◦ Ad ν(v;−t)(e)]
= [Hc,τG,SA ⊗ˆCℓ0,1 , 1,Ad ν(s˜; t)(e)]
= [Hc,τG,SA ⊗ˆCℓ0,1 , 1, e cos(πt) + s˜ sin(πt)]
and the operator e cos(πt)+ s˜ sin(πt) satisfies (3.13) with respect to the Kas-
parov product [Hc,τG,A, 1, s˜]⊗Rβ. Consequently we obtain ΦSA ⊗ˆCℓ0,1ΞQs(A)[s] =
(β ⊗R (ΦA[s])), which implies Ξ = βA by naturality of Ξ.
Moreover, there is another canonical identification of these groups. When
we write a c-graded G-invariant odd symmetry in (Mˆc2,2(A) ⊗ˆK(V)) ⊗ˆCℓ0,1
as s0 + s1e where e is the odd self-adjoint generator of Cℓ0,1, then s0 and
s1 are self-adjoint element such that s0 is odd, s1 is even and satisfy s0s1 =
s1s0 and s
2
0 + s
2
1 = 1. Therefore, by Proposition 4.2, the correspondence
(s1+ is0) 7→ (s0+ es1) induces the natural isomorphism ΘA from φKG0,c,τ (A)
to φKGc,τ (A ⊗ˆCℓ0,1)e (which turns out to be isomorphic to φKG1,c,τ (A ⊗ˆCℓ0,1)
by Proposition 5.2).
Lemma 5.12. The isomorphisms ΨA ⊗ˆCℓ0,1 ◦ β and ΘA coincide.
Proof. By the above argument, we have ΨA ⊗ˆCℓ0,1 ◦β = ∂ ◦βA ◦ΦA = ∂ ◦ΞA.
For a c-graded G-invariant odd Fredholm operator F ∈ Ms(A) ⊗ˆK(V), the
composition ∂ ◦ ΞA is calculated in Proposition 3.4 of [VD88b] as
∂ ◦ ΞA[F ] = [−Ad( 1√
2
(1 + ve))(sin πF + e cos πF )].
On the other hand, ΘA[− exp(πiF )] = [−Ad( 1√2(1+ve))(cos πF + i sinπF )]
by definition and Remark 5.3. 
Proposition 5.13. There is an exact sequence
φKG1,c,τ (A)vD → φKG1,c,τ(A/I)vD
∂−→ φKG0,c,τ (I)→ φKG0,c,τ (A)
were the boundary map given by ∂[s] = − exp(πis˜) where s˜ is a self-adjoint
element in A such that π(s˜) = s.
Proof. Consider the following diagram
φKG1,c,τ (A)vD
//
βA

φKG1,c,τ (A/I)vD
//
βA/I

φKG0,c,τ (I)
// φKG1,c,τ (A)
φKG1,c,τ (SA ⊗ˆCℓ0,1)vD // φKG1,c,τ (SA/I ⊗ˆCℓ0,1)vD
∂ // φKG1,c,τ (I ⊗ˆCℓ0,1)vD //
Θ−1I
OO
φKG1,c,τ (A ⊗ˆCℓ0,1)vD
Θ−1I
OO
where the second row is the long exact sequence associated with the exact
sequence 0→ I ⊗ˆCℓ0,1 → A ⊗ˆCℓ0,1 → A/I ⊗ˆCℓ0,1 → 0.
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Since Θ−1I ◦ ∂ ◦ βQs(I) = β−1 ◦ SΦI ⊗ˆCℓ0,1 ◦ βQs(I) = ΦA, we obtain Θ−1I ◦
∂ ◦ βA/I = ΦI ◦ µ∗ since the diagram
φKG1,c,τ(A/I)vD
µ∗

// φKG1,c,τ (I)
φKG1,c,τ (Qs(I))vD //
φKG1,c,τ (I)
commutes. For an odd self-adjoint c-graded G-invariant symmetry s ∈
Mˆ2,2(A/I) ⊗ˆK(V), we have ΦI ◦µ∗([s]) = [− exp(πiµ(s˜))] under the identifi-
cation in Proposition 4.2 where s˜ is an odd self-adjoint c-graded G-invariant
lift of s in Mˆ2,2A ⊗ˆK(V). 
Let A be a trivially graded unital φ-twisted G-C∗-algebra. We say that
an element x in A is c-twisted G-invariant if αg(x) = (−1)c(g)(x) for any
g ∈ G. For a finite dimensional (φ, c, τ)-twisted unitary representation V, let
φFGc,V(A) denote the space of c-twisted G-invariant symmetries in A⊗K(V◦).
Here we write V◦ for the unitary representation of G obtained by forgetting
the Z2-grading of V. In the same way as the definition of
φKGc,τ (A)e, the
inductive limit φKG0,c,τ (A) := lim−→V π0
φFGc,V(A) with respect to the inclusion
φFGc,V(A) ⊂ φFGc,V⊕W(A) given by s 7→ s⊕γW (here γW is the grading operator
of W) has a structure of abelian group. Similarly, let φUGc,V(A) denote the
space of unitaries in A⊗K(V◦) such that αg(u) = u if c(g) + φ(g) = 0 and
αg(u) = u
∗ if c(g)+φ(g) = 1. Set φKG−1,c,τ (A) := lim−→V
φUGc,V(A) with respect
to the inclusion φUGc,V(A) ⊂ φUGc,V⊕W(A) given by u 7→ u⊕ 1W.
For a nonunital φ-twisted G-C∗-algebra A, the φKG∗,c,τ (A) is defined by
the kernel of φKG∗,c,τ (A+)→ φKG∗,c,τ (Cb(G0)).
Theorem 5.14. Let A be a trivially graded φ-twisted G-C∗-algebra.
(1) The group φKG0,c,τ (A) is isomorphic to
φKG0,c,τ (A)vD.
(2) The group φKG−1,c,τ (A) is isomorphic to
φKG−1,c,τ(A)vD.
(3) Let 0 → I → A → A/I → 0 be an exact sequence of φ-twisted
trivially graded C∗-algebras. Then there is an exact sequence
φKG0,c,τ (A)→ φKG0,c,τ (A/I) ∂−→ φKG−1,c,τ (I)→ φKG−1,c,τ (A)
where the boundary map ∂ is given by ∂[s] = [− exp(πis˜)] where s˜ is
a self-adjoint lift of s.
Proof. We may assume A is unital. The isomorphism φKGc,τ (A ⊗ˆCℓ0,1)e ∼=
φKG0,c,τ (A) is induced from the bijection
φFGc,V(A ⊗ˆCℓ0,1) → φFGc,V(A) given
by
s = s0e+ s1 7→ s′ = s0γV + s1.
Here, the decomposition s′ = s0γ + s1 is given by the ±1 component of
the involution Ad γV. This map determines a well-defined bijection because
s0e + s1 is in
φFGc,V(A ⊗ˆCℓ0,1) if and only if s0 is even, s1 is odd, s∗i = si,
s0s1 = s1s0, s
2
0 + s
2
1 = 1, αg(s0) = s0 and αg(s1) = (−1)c(g)s1.
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The isomorphism (2) is also given in the same way as above. For a
Z2-graded φ-twisted unital G-C∗-algebra A, let φUGc,V(A) be the space of
unitaries in A ⊗ˆK(V) such that γ(u) = u∗ and αg(u) = γφ(g)+c(g)(u). Then,
by Proposition 4.2 and Lemma 5.12, φKG0,c,τ (A) ∼= lim−→V π0
φUGc,V(A). Now, the
isomorphism φKG0,c,τ (A ⊗ˆCℓ0,1) ∼= φKG−1,c,τ (A) is induced from the bijection
from φUGc,V(A ⊗ˆCℓ0,1) to φUGc,V(A) given by
u = u0e+ u1 7→ u′ = u0γ + u1.
Here, the decomposition u′ = u0γ+ u1 is given by the ±1 component of the
involution x 7→ γVx∗γV.
Finally, (3) follows from Proposition 5.13. Note that the identification
φKG1,c,τ (A ⊗ˆCℓ0,1)e ∼= φKG1,c,τ (A ⊗ˆCℓ0,1) is given by Ad(1 + ve)/
√
2, which
also appears in the isomorphism φKG0,c,τ (A) ∼= lim−→V π0
φUGc,V(A). 
These groups are related to Karoubi’s K-theory. In [Kar68, Kar08a],
Karoubi gives a definition of higher real K-theory for pseudo-abelian Ba-
nach categories in terms of modules over Clifford algebras (Definition 4.11
of [Kar08a]), which is applied by Thiang [Thi15] for the study of topological
insulators. Now we generalize it for twisted equivariant K-theory for triv-
ially graded C∗-algebras. A (φ, τ)-twisted (n,m)-Karoubi triple is a triplet
(W,Γ1,Γ2) where W is a finitely generated projective (i.e. W ∼= pAn for
some p ∈Mn(A)) (φ, τ)-twisted G-equivariant Hilbert A-module with a uni-
tal φ-twisted Z2-graded G-equivariant ∗-homomorphism ϕ : Cℓn,m → L(W )
and Γi are symmetries on W which determine a Z2-grading on W com-
patible with ϕ and the G-action. A Karoubi triple (W,Γ1,Γ2) is trivial if
Γ1 = Γ2. Let
φKG(n,m),τ (A)Kar denote the quotient of the semigroup of ho-
motopy classes of Karoubi triples (product is given by the direct sum) by
the subsemigroup of trivial triples.
Corollary 5.15. Let A be a Real G-C∗-algebra. Then, the group φKG(n,m),τ (A)Kar
is isomorphic to φKGm−n,τ (A). In particular, for a real twist (φR, 0, τR) of
GR, φRKGR(n,m),τR(A)Kar is isomorphic to KR
G
m−n,τ (A).
Proof. Let G′ = Gn,m and (φ, c′, τ ′) = (φ, cn,m, τn,m) be as in Example 4.8.
Now, we get a homomorphism
FA :
φKG
′
0,c′,τ ′(A)→ φKG(n,m),τ (A)Kar
mapping s ∈ φFG′c′,V(A) to [V ⊗ˆA, s, γ].
For a (n,m)-Karoubi triple [W,Γ1,Γ2], we write W2 for the (φ, c
′, τ ′)-
twisted G′-equivariant Hilbert A-module W with the Z2-grading Γ2. It
is embedded in φHc
′,τ ′
G′,A by (3.8). Since W is finitely generated projective,
the projection P onto W2 is compact by Lemma 6.3 of [Kas80] and hence
pnPpn → P . Consequently, W2 is embedded into pn(φHc
′,τ ′
G′,A) = A ⊗ˆV,
where V := pn(
φH
c′,τ ′
G′ ).
It immediately implies that FA is surjective. Moreover, we can check
injectivity by applying this argument for degenerate Karoubi triples and
Hilbert A⊗ C[0, 1]-modules given by homotopies of Karoubi triples.
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Now, the conclusion follows from Corollary 4.11 and Theorem 5.14. 
The following corollary immediately follows from Theorem Corollary 4.12
and Theorem 5.14.
Corollary 5.16. Let (G, φ, c, τ) be a CT-type symmetry as in Example 2.6
whose CT-type corresponds to KFn as indicated in Table 1. Let A be a
(trivially graded) Real G0-C∗-algebra. Then;
(1) The group φKG0,c,τ (A) is isomorphic to KF
G0
n (A).
(2) The group φKG−1,c,τ (A) is isomorphic to KF
G0
n−1(A).
(3) Let 0 → I → A → A/I → 0 be an exact sequence of φ-twisted
trivially graded C∗-algebras. Then there is an exact sequence
φKG0,c,τ (A)→ φKG0,c,τ (A/I)
∂−→ φKG−1,c,τ (I)→ φKG−1,c,τ (A)
where the boundary map ∂ is given by ∂[s] = [− exp(πis˜)] where s˜ is
a self-adjoint lift of s.
Example 5.17. Let A be a Real C∗-algebra and let
0→ A⊗K→ A⊗ TR → A⊗ C(T0,1)→ 0
be the Toeplitz extension associated to A. Then, the boundary homomor-
phism ∂ = − exp(πi ) from φKA0,c,τ (A⊗ C(T0,1)) ∼= KFn(A)⊕KFn−1(A) to
φKA−1,c,τ (A) ∼= KFn−1(A) is given by 0⊕ idKFn−1(A).
In the theory of topological insulators and topological superconductors,
gapped Hamiltonians of d-dimensional quantum systems with the CT sym-
metry (A, τ) are classified by the group φKA0,c,τ (C(T
0,d)) and the correspond-
ing edge Hamiltonians are classified by φKA−1,c,τ (C(T
0,d−1)). The homomor-
phism ∂ gives a mathematical proof of the bulk-edge correspondence (cf.
[BCR15]). The use of twisted equivariant K-theory for the study of topo-
logical phases is discussed in [Kub15].
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